In this paper, we consider some variation of self-dual (extended) generalized Reed-Solomon (GRS) codes when the length of code is even and consider a special case of almost self-dual (extended) GRS codes when the length is odd. The dimensions of Euclidean hulls of such codes can be determined.
Introduction
Let q be a prime power and F q be the finite field with q elements. An [n, k, d] code C is a linear code over F q with length n, dimension k and minimum distance d. If the parameters of an [n, k, d] code C reach the Singleton bound: k = n − d + 1, then C is called a maximum distance separable (MDS) code.
Due to its optimal properties, MDS codes play an important role in coding theory and related fields, see [2, 25] .
For any two vectors − → a = (a 1 , a 2 , . . . , a n ) and − → b = (b 1 , b 2 , . . . , b n ) ∈ F n q , we define their Euclidean inner product as:
The dual code of C is defined as
The hull of C is defined by Hull(C) = C ∩ C ⊥ . Readers are referred to [1] for more details on hull.
Two extreme cases of hulls are interesting in coding theory. One case is that Hull(C) = − → 0 . In this case, C is a linear complementary dual (LCD) code, which has been extensively investigated recently ( [5, 6] ). In [6] , Carlet et al. showed that any linear code over F q (q > 3) is equivalent to a Euclidean LCD code and any linear code over F q 2 (q > 2) is equivalent to a Hermitian LCD code. The other is that Hull(C) = C (resp.C ⊥ ). We call such codes are self-orthogonal (resp.dual containing) codes.
In particular, the code C satisfying C = C ⊥ is called self-dual code. Some MDS self-dual codes are constructed through various ways, see [9, 13, 18, 19, 26, 28, 29] . On the other hand, many classes of quantum MDS codes are constructed by MDS Hermitian self-orthogonal codes, see [7, 8, 14-17, 20, 23, 24, 30, 31] .
In [21] , Luo Based on [10] and [21] , we propose a general machinery. Precisely, we construct (extended) GRS codes with assigned dimensions of Euclidean hulls from a variation of (almost) self-dual (extended) GRS codes.
After giving the main results, we provide some examples based on [11] . These results can be applied to construct EAQECCs.
The rest of this paper is organized as follows. In Section 2, we briefly recall some basic notations and properties of (extended) GRS codes. In Section 3, we present our general constructions of MDS codes with Euclidean hulls of arbitrary dimensions. Several concrete examples are described in Section 4. We conclude the results in Section 5.
Preliminaries
In this section, we introduce some basic notations and useful results on (extended) GRS codes.
Readers are referred to [22, Chapter 10] for more details.
Let F q be the finite field with q elements and n be an integer with 1 ≤ n ≤ q. Choose two vectors − → v = (v 1 , v 2 , . . . , v n ) ∈ (F * q ) n and − → a = (a 1 , a 2 , . . . , a n ) ∈ F n q , where a i (1 ≤ i ≤ n) are distinct elements. For an integer k with 1 ≤ k ≤ n, the GRS code of length n associated with − → v and − → a is defined as follows:
(1)
The code GRS k ( − → a , − → v ) is a q-ary [n, k] MDS code and its dual is also MDS [22, Chapter 11] .
The extended GRS code associated with − → v and − → a is defined by:
where
is a q-ary [n + 1, k] MDS code and its dual is also MDS [22, Chapter 11] .
For 1 ≤ i ≤ n, we define
Let QR q denote the nonzero square elements of F q . These symbols will be used frequently in this paper.
, . . . , v 2 n f (a n )) = (u 1 g(a 1 ), u 2 g(a 2 ), . . . , u n g(a n )).
if and only if there exists a polynomial g(
, . . . , v 2 n f (a n ), f k−1 ) = (u 1 g(a 1 ), u 2 g(a 2 ), . . . , u n g(a n ), −g n−k ).
In Corollary II.4 of [18] and Lemma II.2 of [28] , sufficient conditions for (extended) GRS codes being self-dual are presented. In the following two lemmas, we show that the conditions are also necessary.
Proof. We know that a basis of
Hence, we obtain that 
where λ ∈ F * q and u i is defined as (3) with 1 ≤ i ≤ n.
Remark 2.1. When n is even and m = n 2 , it follows that GRS n 2 ( − → a , − → v ) is MDS self-dual, which is the generalization of Corollary II.4 in [18] .
a n−2 1 a n−2 2 · · · a n−2 n a n−1 1 a n−1 2 · · · a n−1
Hence, by Cramer's Rule, it follows that
Main Results
In this section, we present our constructions of MDS codes with Euclidean hulls of arbitrary dimensions utilizing (extended) GRS codes.
Firstly, we give the definition of almost self-dual code and construct MDS codes with Euclidean hulls of arbitrary dimensions via GRS codes.
Remark 3.1. In this paper, we only consider a special case of almost self-dual code:
Remark 3.2. In Lemma 2.3, let n be odd and m = n−1 2 . Then we have the following result:
where 1 ≤ i ≤ n and u i is defined as (3) .
where α ∈ F * q and α 2 = 1. For the code C = GRS k ( − → a , − → v ′ ) and any
, . . . , v 2 n f (a n )) =(u 1 g(a 1 ), . . . , u s g(a s ), u s+1 g(a s+1 ), . . . , u n g(a n )).
Due to λu
, λu s+1 f (a s+1 ), . . . , λu n f (a n )) =(u 1 g(a 1 ), . . . , u s g(a s ), u s+1 g(a s+1 ), . . . , u n g(a n )).
When
We derive that f (a i ) = 0 (1 ≤ i ≤ s) by α 2 = 1 and λu i = 0. So
Conversely
, which yields deg(g(x)) ≤ n − k − 1. Then (α 2 λu 1 f (a 1 ), . . . , α 2 λu s f (a s ), λu s+1 f (a s+1 ), . . . , λu n f (a n )) =(u 1 g(a 1 ), . . . , u s g(a s ), u s+1 g(a s+1 ), . . . , u n g(a n )).
According to Lemma 2.1,
, v s+1 f (a s+1 ), . . . , v n f (a n )) ∈ Hull(C).
Therefore, dim(Hull(C)) ≥ k − s.
As a result, dim(Hull(C)) = k − s = l.
Remark 3.3. Both Theorem III.5 of [21] and Theorem 1(i) of [10] are special cases of Theorem 1.
The above result is on the constructions of MDS codes with Euclidean hulls of arbitrary dimensions utilizing GRS codes. Afterwards, we present the constructions utilizing extended GRS codes. a 2 , . . . , a n ) and − → v = (v 1 , v 2 , . . . , v n ) . For any 0 ≤ l ≤ k ≤ n+1 2 , then there exists a q-ary [n + 1, k] MDS code C with dim(Hull(C)) = l.
Proof. Since GRS n+1 2 ( − → a , − → v , ∞) code is a self-dual code and by Lemma 2.4, we obtain v 2 i = −u i (1 ≤ i ≤ n). Denote by s := k − l. Choose − → a = (a 1 , . . . , a n ) and − → v ′ = (αv 1 , . . . , αv s , v s+1 , . . . , v n ), where α ∈ F * q and α 2 = 1.
, . . . , v 2 n f (a n ), f k−1 ) =(u 1 g(a 1 ), . . . , u s g(a s ), u s+1 g(a s+1 ), . . . , u n g(a n ), −g n−k ).
, . . . , −u n f (a n ), f k−1 ) =(u 1 g(a 1 ), . . . , u s g(a s ), u s+1 g(a s+1 ), . . . , u n g(a n ), −g n−k ).
We claim that g( Then proceeding as in the proof of Theorem 1 with λ = −1, we finish the proof. Remark 3.4. As special cases of this result, Theorem 1(iii) and Theorem 2 of [10] can be deduced directly.
Theorem 3. Assume n is even and q > 3. Let the code GRS n 2 ( − → a , − → v ) be self-dual with − → a = (a 1 , a 2 , . . . , a n ) and − → v = (v 1 , v 2 , . . . , v n ) . For any 1 ≤ k ≤ n 2 and 0 ≤ l ≤ k − 1, there exists a q-ary [n + 1, k] MDS code C with dim(Hull(C)) = l. (a 1 ) , . . . , u s g(a s ), u s+1 g(a s+1 ), . . . , u n g(a n ), −g n−k ).
Proof. From the condition that GRS
, λu s+1 f (a s+1 ), . . . , λu n f (a n ), f k−1 ) =(u 1 g(a 1 ), . . . , u s g(a s ), u s+1 g(a s+1 ), . . . , u n g(a n ), −g n−k ).
Then it takes that f k−1 = −g n−k . If f k−1 = 0, then k − 1 = n − k, that is n = 2k − 1, which contradicts to the assumption that n is even. Thus f k−1 = 0 and deg(f (x)) ≤ k − 2. Similarly as the proof of Case 1 in Theorem 2, it follows that g(x) = λf (x).
Then the proof can be completed by proceeding as Theorem 1 with deg(h(x)) ≤ k − 2 − s.
Remark 3.5. Theorem 1(ii) of [10] is a special case of this result.
For the remaining case q = 3, the result is presented as follows.
Remark 3.6. Let q = 3 and n be the length with 2 ≤ n ≤ 4.
(i). When n = 2, there exists a 3-ary [2, 1] MDS code C with dim(Hull(C)) = 0. The generator matrix is
where v 1 , v 2 ∈ F * 3 . (ii). When n = 3, there exists a 3-ary [3, 1] MDS code C with dim(Hull(C)) = 1. The generator matrix is
. When n = 4, there exist a 3-ary [4, 1] MDS code C with dim(Hull(C)) = 0 and a 3-ary [4, 2] MDS code C with dim(Hull(C)) = 2. The generator matrixes are
3 and a 1 , a 2 , a 3 are distinct elements in F 3 .
Examples
Any MDS (almost) self-dual (extended) GRS codes can be applied to construct arbitrary dimensions of hulls. In this section, applying Theorems 1-3 and some results in [11] , we give some concrete examples and the dimensions of hulls can also be determined.
gcd(r+1,m) , assume n = tm is even.
(i). If q−1 m is even, then for any 1 ≤ k ≤ n 2 and 0 ≤ l ≤ k, there exists a q-ary [n, k] MDS code C with dim(Hull(C)) = l.
(ii). If q−1 m is even, then for any 1 ≤ k ≤ n−1 2 and 0 ≤ l ≤ k − 1, there exists a q-ary [n + 1, k] MDS code C with dim(Hull(C)) = l.
(iii). For any 1 ≤ k ≤ n 2 and 0 ≤ l ≤ k, there exists a q-ary [n + 1, k] MDS code C with dim(Hull(C)) = l, except the case that t is even, m is even and r ≡ 1 (mod 4).
(iv). For any 1 ≤ k ≤ n+2 2 and 0 ≤ l ≤ k, there exists a q-ary [n + 2, k] MDS code C with dim(Hull(C)) = l, except the case that t is even, m is even and r ≡ 1 (mod 4).
Proof. (i). Let α be a primitive m-th root of unity in F q and S = β be the cyclic group of order r + 1.
By the second fundamental theorem of group homomorphism,
Let B = {β µ1 , . . . , β µt } be a set of coset representatives of (S × α ) α with 0 ≤ µ 1 < · · · < µ t < r + 1.
Put µ = µ 1 + · · · + µ t and A = {αβ µ1 , . . . , α m β µ1 , αβ µ2 , . . . , α m β µ2 , . . . , αβ µt , . . . , α m β µt }. Denote by a c+(j−1)m := α c β µj with 1 ≤ c ≤ m, 1 ≤ j ≤ t and − → a = (a 1 , . . . , a n ). Let i = c + (j − 1)m and λ = g r+1 2 ·(t−1)−mµ , where 1 ≤ i ≤ n and g is a generator of F * q . Then by [11] , we know λ · n z =i, z=1
is an MDS self-dual code. Then according to Theorem 1, we complete the proof.
(ii). With the same process of proof as (i) and Theorem 3, we can obtain the result.
(iii). Similarly as (i), choose A = {αβ µ1 , . . . , α m β µ1 , αβ µ2 , . . . , α m β µ2 , . . . , αβ µt , . . . , α m β µt , 0}. Denote by a c+(j−1)m := α c β µj , a n+1 := 0 and − → a = (a 1 , . . . , a n , a n+1 ), where 1 ≤ c ≤ m and 1 ≤ j ≤ t. Let i = c + (j − 1)m (1 ≤ i ≤ n). Then by [11] , we have n+1 z =i, z=1 (a i − a z ) ∈ QR q , for any 1 ≤ i ≤ n + 1, except the case that t is even, m is even and r ≡ 1 (mod 4). Accordingly, for any 1 ≤ i ≤ n + 1, we can set v 2 i = n z =i, z=1
Due to Theorem 1, the result can be deduced.
(iv). With the same process of proof as (i), we let − → a = (a 1 , . . . , a n , a n+1 ) and
is MDS self-dual and by Theorem 2, we obtain the result. representatives of (S × α ) α with 0 ≤ µ 1 < · · · < µ t < r + 1 and µ 1 , . . . , µ t are even. Denote by µ = µ 1 + · · · + µ t and A = {αβ µ1 , . . . , α m β µ1 , αβ µ2 , . . . , α m β µ2 , . . . , αβ µt , . . . , α m β µt }. Put a c+(j−1)m := α c β µj with 1 ≤ c ≤ m, 1 ≤ j ≤ t and − → a = (a 1 , . . . , a n ). Let i = c + (j − 1)m with 1 ≤ i ≤ n. Then by [11] , we derive that n z =i, z=1
(a i − a z ) −1 and − → v = (v 1 , . . . , v n ). We know GRS n−1
and due to Theorem 1, we finish the proof.
(ii). With the same process as (i), let − → a = (a 1 , . . . , a n ) and we obtain n z =i, z=1
Then the result follows from Theorem 2.
(iii). Choose A = {αβ µ1 , . . . , α m β µ1 , αβ µ2 , . . . , α m β µ2 , . . . , αβ µt , . . . , α m β µt , 0}. Denote by a c+(j−1)m := α c β µj , a n+1 := 0 and − → a = (a 1 , . . . , a n , a n+1 ), where 1 ≤ c ≤ m and 1 ≤ j ≤ t. Let i = c + (j − 1)m (1 ≤ i ≤ n). Then by [11] , we deduce that n+1 z =i, z=1
and − → v = (v 1 , . . . , v n , v n+1 ). Then the result follows from that GRS n 2 ( − → a , − → v ) is MDS self-dual and Theorem 3. Proof. (i). Denote by r = p s . Let S = {α 1 , α 2 , . . . , α p e } be an e-dimensional F p -vector subspace of F r , with 1 ≤ e ≤ s. Choose β ∈ F q \F r , such that β r+1 = 1. Let α k,j = α k β + α j with 1 ≤ k, j ≤ p e . Denote by a k+(j−1)p e := α k,j and − → a = (a 1 , . . . , a n ). Let i = k 0 + (j 0 − 1) · p e with 1 ≤ i ≤ n. Then by [11] , it follows that n z =i, z=1 (a i − a z ) ∈ QR q . For any 1 ≤ i ≤ n, set v 2 i = u i and − → v = (v 1 , . . . , v n ). It is easy to see that GRS n−1 2 ( − → a , − → v ) ⊥ = GRS n+1 2 ( − → a , − → v ). According to Theorem 1, we accomplish the proof.
(ii). With the same reason as (i), we can obtain n z =i, z=1
(a i − a z ) ∈ QR q with 1 ≤ i ≤ n. Let (a i − a z ) −1 and denote by − → a = (a 1 , . . . , a n ) and − → v = (v 1 , . . . , v n ). We deduce that GRS n+1 2 ( − → a , − → v , ∞) code is MDS self-dual. According to Theorem 2, we obtain the result.
Conclusion
Based on [10] and [21] , we propose a general machinery on the constructions of Euclidean hulls: if there exists an (almost) self-dual (extended) GRS code, then we can construct (extended) GRS codes with assigned dimensions of Euclidean hulls. In the previous works, there is rare study on MDS almost self-dual codes with odd lengths. In this paper, we find that MDS almost self-dual codes can be applied to design MDS codes with assigned dimensions of hulls. However, there exist some codes with lengths which can not be constructed by (almost) self-dual (extended) GRS codes and the dimensions of hulls of such codes have not been determined up to now.
